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Abstract

The Yoneda lemma, when applied to embedded subsystems, yields a universal constraint
on self-knowledge: no subsystem can fully characterize the system containing it. We show
that this single principle—the Yoneda Constraint—unifies fundamental limitation results across
physics (the measurement boundary problem), logic (Godel incompleteness), compiler theory
(the bootstrap paradox), type theory (the minimal runtime axiom), epistemology (the embedded
observer constraint), and artificial intelligence (the alignment problem). We formalize the
constraint as a deficit in the left Kan extension of a restricted Yoneda presheaf, prove its
universality via a generalization of Lawvere’s fixed-point theorem, and demonstrate it empirically
through the JAPL programming language’s self-hosting compiler. The Yoneda Constraint is not
a deficiency of any particular formalism but a structural necessity of any subsystem—supersystem
relationship possessing sufficient categorical richness. We argue it constitutes a universal axiom
for all informational-physical systems: any subsystem S embedded within a total system T can
characterize T only up to isomorphism of its accessible fragment—never the whole.
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1 Introduction — One Axiom, Many Faces

Throughout the history of mathematics, physics, and computer science, a recurring theme has
emerged: systems embedded within larger systems face fundamental limitations on what they
can know, prove, or compute about their containing environment. These limitations have been
discovered independently, formalized in domain-specific languages, and studied as if they were
distinct phenomena. We argue they are all manifestations of a single categorical principle.

1.1 The Recurring Pattern

In 1931, Godel showed that any sufficiently powerful formal system cannot prove all true statements
about itself [3]. In 1961, Lawvere recast this as a fixed-point theorem in cartesian closed categories
[4]. In physics, the measurement problem—the impossibility of an observer fully characterizing the
pre-geometric substrate from within emergent spacetime—has resisted resolution for a century. In
compiler theory, every self-hosting compiler requires an external bootstrap. In Al, the alignment
problem asks whether an agent embedded in an environment can verify its own alignment—and the
answer appears to be structurally negative.
These are not coincidences. They are the same theorem, expressed in different categories.

1.2 The Universal Mapping

Domain System T Subsystem S What S Can’t Access Name

Physics Universe Observer Pre-geometric substrate =~ MBP

Logic Arithmetic Formal system Godel sentences Incompleteness
Category Theory CCC Point-surjective map Fixed-point-free endo. Lawvere/SRIP
Epistemology Reality Embedded observer  Epistemic remainder EOC

Compiler Theory Full language  Self-hosted compiler Unsupported features Bootstrap Paradox
Type Theory Decision space Type system w-dependent decisions MRA

Al Environment Agent Unmodeled dynamics Alignment Problem

Table 1: The Yoneda Constraint across seven domains. MBP = Measurement Boundary Problem;
SRIP = Self-Reference Incompleteness Principle; EOC = Embedded Observer Constraint; MRA =
Minimal Runtime Axiom.

1.3 Thesis Statement

We claim:

Any subsystem S embedded within a total system T can characterize T only up to
isomorphism of its accessible fragment—never the whole.

Formally, S knows T only through Hom(S, T'|s, —), which determines (S, T'|s) up to isomorphism
but not T itself. The deficit between what S can characterize and what T actually is constitutes the
Yoneda Constraint. This paper formalizes this constraint, proves its universality, and demonstrates
its manifestation across all seven domains listed in Table 1.



1.4 Overview of Contributions
1. Formal definition of the Yoneda Constraint as a Kan extension deficit (Section 3).
2. Universality proof via a generalization of Lawvere’s fixed-point theorem (Section 3).

3. Seven instantiations showing the constraint manifests identically across physics, logic,
category theory, epistemology, compiler theory, type theory, and Al (Section 4—Section 10).

4. Empirical evidence from the JAPL programming language’s self-hosting compiler (Section 8).

5. The impossibility of self-knowledge theorem, a strict generalization of Godel’s incom-
pleteness (Section 12).

6. Structural analysis of why the constraint is inescapable and what it implies for each domain
(Section 11, Section 13).

1.5 Relation to Prior Work in the YonedaAl Program

This paper serves as the capstone of the YonedaAl research program. Papers 1-2 established the
measurement boundary problem and its categorical formulation. Paper 3 proved the Self-Reference
Incompleteness Principle via Lawvere’s fixed-point theorem. Papers 4-7 developed the embedded
observer framework, epistemic horizons, and the connection to emergent spacetime. The present
work unifies all of these under a single axiom and extends it to compiler theory, type theory, and Al
alignment.

2 Mathematical Foundation — The Yoneda Lemma

We begin with the mathematical bedrock upon which the entire paper rests.

2.1 Categories and Functors

Definition 2.1. A category C consists of a collection of objects Ob(C), a collection of morphisms
Mor(C) with source and target maps, an identity morphism id 4 for each object A, and a composition
operation o satisfying associativity and identity laws.

Definition 2.2. A functor F : C — D is a mapping that sends objects to objects and morphisms
to morphisms, preserving identity and composition.

Definition 2.3. A natural transformation o : F' = G between functors F,G : C — D is a family of
morphisms ay : FI(A) = G(A) indexed by objects A € C, satisfying the naturality condition: for
every morphism f: A — B in C, we have G(f) oaq = ap o F(f).

2.2 The Yoneda Lemma

Theorem 2.4 (Yoneda Lemma [1]). Let C be a locally small category, A € Ob(C), and F : C°® — Set
a presheaf. Then there is a bijection, natural in both A and F:

Nat(Home(—, A), F') = F(A).

Proof. Given a natural transformation o : Home(—, A) = F, we extract the element a4 (id4) € F(A).
Conversely, given x € F(A), we define ap(f) = F(f)(z) for each f: B — A. Naturality follows
from functoriality of F'. The two constructions are mutually inverse. O



2.3 The Yoneda Embedding

Corollary 2.5 (Yoneda Embedding). The functory : C — [C°P, Set] defined by y(A) = Home(—, A)
18 fully faithful.

This means: an object A is completely determined, up to isomorphism, by the totality of
morphisms into it from all other objects. The representable presheaf Hom(—, A) encodes all the
information about A that is accessible through the category’s morphism structure.

2.4 The Critical Insight: Restriction Loses Information

The Yoneda embedding is fully faithful on all of C. But what happens when we restrict it?

Proposition 2.6. Let S be a proper full subcategory of C, and let i : S < C be the inclusion functor.
The restricted Yoneda embedding

yls : C — [S°P,Set], A+ Hom¢(—,A)|s =Home(i(—), A)
18 not necessarily fully faithful.

Proof. Consider a morphism f : T} — T3 in C where T1,T> ¢ Ob(S). If no object of S admits a
morphism to T3, then Hom(i(S),71) = 0 for all S € S, and y|s(T1) = y|s(T2) = 0 regardless of the
structure of 77 and T». More generally, y|s identifies objects that are indistinguishable from the
perspective of S. O

This is the mathematical seed of the Yoneda Constraint: restriction of the Yoneda embedding to
a subcategory loses information about the ambient category.

2.5 Presheaves and Representability

Definition 2.7. A presheaf P : C°? — Set is representable if P = Hom¢(—, A) for some object A.
The Yoneda lemma tells us that representable presheaves correspond bijectively to objects of C.

The presheaf category [C°P,Set] is the “free cocompletion” of C—it contains all the “ideal”
objects that C-morphisms could point to. The image of the Yoneda embedding identifies the “real”
objects within this larger universe. The gap between the restricted image and the full presheaf
category is where the Yoneda Constraint lives.

3 The Yoneda Constraint — Formal Statement

We now state and prove the central result of this paper.

3.1 Setup and Definitions

Definition 3.1 (Embedded Subsystem). An embedded subsystem is a pair (S,i) where S is a
category and i : § < C is a fully faithful functor (the “inclusion”) into a larger category C (the
“total system”). We say the embedding is proper if ¢ is not essentially surjective—there exist objects
of C not isomorphic to any object in the image of .



Definition 3.2 (Accessible Fragment). Given an embedded subsystem (S,4) and an object T €
Ob(C), the accessible fragment of T relative to S is the restricted presheaf:

T|s := Home(i(—),T) : S°® — Set.
This is the information about T" that S can “see” through its morphisms.

Definition 3.3 (Yoneda Deficit). The Yoneda deficit of the subsystem S with respect to T is the
cokernel (in a suitable 2-categorical or enriched sense) of the unit of the Kan extension adjunction:

A(S,T) := coker(nr : y(T') — Lan;(y(T)]s))
where Lan; denotes the left Kan extension along i : S — C.

Intuitively, the Yoneda deficit measures how much information about T is lost when we observe
T only through the lens of §, and then try to reconstruct 1" from those observations.

3.2 The Yoneda Constraint Theorem

Theorem 3.4 (The Yoneda Constraint). Let (S,i) be a proper embedded subsystem of a locally
small category C. If there exists an object T € Ob(C) \ Ob(i(S)) such that T admits morphisms
from objects not in i(S) that are not determined by morphisms from i(S), then:

(i) The restricted presheaf T'|s = Home(i(—),T) does not determine T up to isomorphism in C.
(i) The Yoneda deficit A(S,T) is non-trivial.
(iii) The left Kan extension Lan;(T|s) does not recover y(T).

Proof. We prove each part.

(1) By hypothesis, there exist objects X ¢ i(S) and a morphism f : X — T such that f
does not factor through any object of i(S). The restricted presheaf T'|s records only morphisms
i(S) = T for S € S, so it contains no information about f. We construct a witness: suppose C
has sufficient colimits (or work in a suitable completion). Let 7" be any object of C satisfying
Hom(i(S),T") = Hom(i(S),T) naturally in S but Hom(X,7") % Hom(X,T). Such T’ exists
precisely because X ¢ i(S): the restricted presheaf does not constrain morphisms from X. For a
concrete construction, when C admits pushouts, let 7" = T Uy (X L {x}) where the pushout modifies
the fiber over X while preserving fibers over i(S). Then T'|s = T"|s but T2 T in C.

(ii) The unit ny : y(T') — Lan;(y(7T)|s) is a natural transformation. By the universal property
of the left Kan extension,

Lan;(y(T)|s)(X) = colim(g ;(s)—x)Home (i(S), T)

for each X € C. For X ¢ i(S) with morphisms to 7" not factoring through i(S), the colimit does not
capture all of Hom¢ (X, T'). Thus nr is not an isomorphism at X, making A(S,T’) non-trivial.
(iii) This follows directly from (ii): if 7 is not an isomorphism, then Lan;(y(T')|s) # y(T). O

3.3 Universality via Lawvere’s Fixed-Point Theorem

The Yoneda Constraint gains its universal character through its connection to Lawvere’s fixed-point
theorem [4].



Theorem 3.5 (Lawvere’s Fixed-Point Theorem). Let C be a cartesian closed category and let
e: A — Q4 be a point-surjective morphism (i.e., for every g : A — Q, there exists a : 1 — A with
eoa = g where g is the transpose). Then every endomorphism t : Q@ — Q has a fized point.

Corollary 3.6 (Contrapositive — The Diagonal Obstruction). If 2 has a fized-point-free endomor-
phism t: Q — Q (i.e., tox #x for all x : 1 — Q), then no morphism A — Q4 is point-surjective.

Theorem 3.7 (Yoneda Constraint via Lawvere). Let C be a cartesian closed category containing a
subsystem S modeled as an object A (the “internal representation” of S). The self-representation
map
) A
p:A—Q
(where § is a truth-value or state-space object with a fized-point-free endomorphism) cannot be

point-surjective. Therefore, there exist “states of affairs” g: A — Q that A cannot name through
p—these constitute the Yoneda deficit.

Proof. By Theorem 3.6, the existence of a fixed-point-free endomorphism on ) prevents p from
being surjective. The elements g € Q4 not in the image of p are precisely the aspects of C that
S (represented by A) cannot access. In the notation of Theorem 3.3, these unreachable elements
constitute A(S,T) where T is the “total state” object. O

3.4 The Constraint is Inescapable

Proposition 3.8 (Monotonicity of the Constraint). Enlarging the subsystem S to 8" withS C 8" C C
reduces but does not eliminate the Yoneda deficit:

A(S,T) < A(S,T), but A(S',T)# 0 whenever S’ # C.

Proof. The inclusion § < &’ means that S’ has access to strictly more morphisms, so the Kan
extension from &’ is a better approximation. However, as long as S8’ # C, there remain objects and
morphisms outside &', and the argument of Theorem 3.4 applies with S’ in place of S. O

Remark 3.9. The only way to eliminate the Yoneda deficit is & = C, which contradicts the
assumption that S is a subsystem. The constraint is thus a structural necessity of any proper
embedding, not a deficiency of any particular subsystem.

4 Instance 1: Physics — The Measurement Boundary Problem

4.1 The Physical Setup

In the YonedaAl framework (Papers 1-2), spacetime and its geometric structure are not fundamental
but emergent from a pre-geometric substrate. The emergence is modeled by a functor:

D : CPre — CEmer

where Cpy is the category of pre-geometric configurations and Cgper is the category of emergent
spacetime structures.

An observer O is an object in Cgmer- The observer’s measurements are morphisms in Cgper—they
probe the emergent structure but not the pre-geometric substrate directly.



4.2 The Emergence Functor is Not Faithful

Proposition 4.1. The emergence functor ® is neither faithful nor full in general.
This means:

e Not faithful: distinct pre-geometric configurations can give rise to identical emergent
structures. The observer cannot distinguish them.

e Not full: there exist relationships between emergent structures that do not lift to the
pre-geometric level. The observer may perceive patterns that are artifacts of emergence.

4.3 MBP as Yoneda Constraint
Let & = Crmer (the observer’s accessible category) and C = Cpye (the full pre-geometric category).
The observer’s knowledge of the universe is:

T|g = Homcpre(‘@(—),T) :Cp?  — Set

* YEmer

for any pre-geometric state T. By Theorem 3.4, this restricted presheaf does not determine T up to
isomorphism. The Yoneda deficit A(Cgmer, ') is exactly the emergence kernel—the pre-geometric
information that is structurally inaccessible to any emergent observer.

Theorem 4.2 (MBP is the Yoneda Constraint). The Measurement Boundary Problem—the struc-
tural impossibility of an emergent observer probing the pre-geometric substrate—is an instance of
the Yoneda Constraint with:

C = Cpre (total system)
S = Cimer (subsystem)
i = P (inclusion via emergence)
A = ker(®P) (emergence kernel)

4.4 Physical Consequences

The Yoneda Constraint applied to physics suggests several speculative directions, which we offer as
conjectures rather than established results:

1. Quantum mechanics (speculative): If the Born rule and state collapse are features of the
restricted presheaf rather than the pre-geometric dynamics, then different interpretations of
quantum mechanics might correspond to different choices of Kan extension from the observer’s
data to the full category. This remains a conjecture requiring rigorous formalization.

2. The black hole information paradox (speculative): If the black hole interior is modeled
as part of C \ S for an exterior observer, the Yoneda deficit would naturally account for the
apparent information loss. This analogy is suggestive but has not been made rigorous.

3. Dark sector phenomena (highly speculative): It is conceivable that dark energy and dark
matter are gravitational manifestations of pre-geometric structure visible only through the
restricted presheaf. We note this possibility without endorsing it; it requires substantial
additional work to evaluate.



5 Instance 2: Logic — Godel’s Incompleteness

5.1 Arithmetic as a CCC

Following Lawvere [4] and Yanofsky [5], we model Peano arithmetic within a cartesian closed
category C where:

e Objects are types (natural numbers, sets of numbers, functions on numbers).
e Morphisms are computable functions.
e The exponential Q4 represents the space of predicates on A.

e 2 ={0,1} is the truth-value object with the fixed-point-free endomorphism —: Q — Q.

5.2 Godel Numbering as Self-Representation

Gédel numbering provides a morphism p : N — QN that encodes formulas as numbers and evaluates
them. The claim that arithmetic can “talk about itself” is precisely the claim that p exists. The
claim that arithmetic is complete would require p to be point-surjective.

5.3 The Godel Sentence as Yoneda Deficit

Theorem 5.1 (Godel via Yoneda). The Gddel sentence G such that G <» —=Prov("G™) is an element
of the Yoneda deficit A(S,T') where:

C = the category of all arithmetical truths
S = the subcategory of provable statements
T = the truth-value object §2

Proof. By Theorem 3.7, the negation — : 2 —  is fixed-point-free, so p is not point-surjective. The
Godel sentence G is precisely the predicate g : N — €2 that p fails to hit. In our framework:

G € Hom(N, Q) \ im(p) = A(S, Q).
The sentence G is true (it belongs to C) but not provable (it does not belong to §). This is the
Yoneda deficit made concrete. O
5.4 First and Second Incompleteness

Corollary 5.2 (First Incompleteness as Yoneda Constraint). For any consistent formal system S
containing arithmetic, the Yoneda deficit A(S,Q) # 0. There exist true but unprovable sentences.

Corollary 5.3 (Second Incompleteness as Meta-Constraint). The formal system S cannot verify that
its own Yoneda embedding is faithful—i.e., S cannot prove Con(S). This is because the faithfulness
of y|s is itself a statement in A(S, ).

10



6 Instance 3: The SRIP — Categorical Unification

6.1 The Self-Reference Incompleteness Principle

In Paper 3 of the YonedaAl program, we proved the Self-Reference Incompleteness Principle (SRIP):
in any cartesian closed category with sufficient structure, self-referential maps cannot capture all
endomorphisms.

Theorem 6.1 (SRIP, Paper 3). Let C be a CCC with a truth-value object Q admitting a fixed-
point-free endomorphism t : @ — Q. Then for any object A and morphism e : A — QA, there exists
g: A — Q not in the image of e.

6.2 SRIP as Yoneda Constraint

The SRIP is a special case of the Yoneda Constraint where the subsystem is the “self-referential
fragment” of the category:

Theorem 6.2 (SRIP is Yoneda Constraint). The SRIP is the Yoneda Constraint applied to the
diagonal embedding A4 : C — CC restricted to the self-representable fragment.

Proof. The diagonal map § : A — A4 (the curried identity) embeds A into its own function space.
The self-representation p : A — Q4 is the composition of this embedding with evaluation. By the
Yoneda Constraint, the image of p (the “self-representable fragment”) does not exhaust Q4. The
SRIP’s “unreachable predicate” ¢ is precisely an element of the Yoneda deficit. O
6.3 The Diagonal Argument Generalized

Every classical diagonal argument—Cantor’s, Russell’s, Turing’s, Godel’s—is an instance of the
same categorical obstruction: the map A — Q4 cannot be surjective when Q has a fixed-point-free
endomorphism. The Yoneda Constraint provides the unifying framework:

AL LA

N

Q Dt
The diagonal element g =t o eval o (id4, p) satisfies g # p(a) for all a : 1 — A, placing it in the
Yoneda deficit.

7 Instance 4: Epistemology — The Embedded Observer

7.1 The Measurement Algebra

Papers 4-7 of the YonedaAl program developed the theory of embedded observers. An observer S
embedded in reality R has access to a measurement algebra M(S)—the set of all observations S
can make about R.

Definition 7.1. The measurement algebra of an embedded observer S C R is:
M(S)={m:S — Q| mis a valid measurement outcome}

where 2 is the space of possible measurement values.

11



7.2 The Epistemic Horizon
Definition 7.2. The epistemic horizon of S in R is the boundary of the Yoneda image:

Ay(S) ={T € Ob(C) | T|s # 0 but A(S,T) # 0}
These are objects partially but not fully accessible to S.

The epistemic horizon separates what the observer can know (the interior of y(S)) from what is
structurally inaccessible (the exterior). Objects on the horizon are partially visible—the observer
can detect their “shadow” but cannot fully characterize them.

7.3 The Epistemic Remainder

Theorem 7.3 (Epistemic Remainder). For any embedded observer S C R, there exists an epistemic
remainder:

8= |J AT #0

Te0b(C)
consisting of aspects of reality that S cannot access through any measurement.

Proof. Since S C R, the embedding is proper. By Theorem 3.4, for any T' ¢ S with the required
morphism structure, A(S,T) # 0. The union over all such T is non-empty. O

7.4 Science as Internal Cartography

This framework reframes the scientific enterprise: science is not the discovery of “reality as it is”
but the systematic mapping of the restricted Yoneda presheaf Hom(S, R|g, —). The map is faithful
to the accessible fragment, but the territory (R) always exceeds the map.

The scientist-observer builds an ever more detailed chart of the accessible fragment. The
Yoneda Constraint guarantees the chart can never become the territory.

The Kan extension from S to C represents the observer’s best guess about reality beyond the
epistemic horizon—this is theoretical physics, metaphysics, and speculation. The Yoneda deficit
measures the irreducible gap between this best guess and actual reality.

8 Instance 5: Compiler Theory — The Bootstrap Paradox

8.1 The Problem of Self-Hosting

A self-hosting compiler is a compiler for a language L that is itself written in L. The fundamental
question is: can such a compiler compile all programs in L, including itself?

Consider the JAPL programming language, developed as part of the YonedaAl research program.
JAPL’s self-hosting compiler Cyapr, is written in JAPL and compiles JAPL programs to executable
form. However, the original JAPL compiler was written in TypeScript—an ezternal language.

12



8.2 Categorical Formulation

Let £ be the category of all JAPL programs (objects) with compilation maps (morphisms). Let
S C L be the subcategory of programs that the self-hosting compiler can compile (the “supported
fragment”).

Definition 8.1. The compiler-accessible fragment of L is:

Lls = {P € Ob(L) | Cyapr(P) terminates successfully}

8.3 The Bootstrap Deficit

Theorem 8.2 (Compiler Bootstrap as Yoneda Constraint). For any self-hosting compiler Cr, of
a sufficiently expressive language L, the compiler-accessible fragment S is a proper subcategory of
L. The Yoneda deficit A(S, L) is non-empty and consists of programs that use language features
beyond what Cy, can compile.

In the case of JAPL, the concrete Yoneda deficit includes:

1. Nested constructor patterns: Pattern matching on deeply nested algebraic data types.
2. List spread operations: Variadic destructuring in pattern contexts.

3. Full module system: Circular imports and re-exports.

4. Self-referential type inference: Types whose inference requires solving the compiler’s own
type equations.

These are not accidental limitations—they are structural consequences of the compiler being a
subsystem of the language it compiles.

8.4 The Compiler-Theoretic Godel Sentence

Theorem 8.3 (Compiler Incompleteness). No self-hosting compiler for a Turing-complete language
L can compile all programs in L using only language features that it itself can compile.

Proof. The argument proceeds on two levels. First, concretely: the compiler C7, is itself a program in
L, written using a specific subset S of language features. Its code-generation and semantic analysis
phases can only handle patterns that were anticipated during its construction. Any language feature
whose compilation requires logic not present in C7, (and not expressible through the features Cf,
uses) lies outside S. Since L is Turing-complete, it can express constructs of unbounded complexity—
including programs whose compilation strategy requires arbitrarily sophisticated analysis. The
compiler, being a fixed finite program, handles only a bounded subset.

Second, categorically: by the Yoneda Constraint with C = £ (the full language category) and S
the self-compilable fragment, the restricted presheaf £|s does not determine £. Programs whose
compilation requires features or analysis techniques outside S constitute the Yoneda deficit. The
self-compilable fragment is a proper subset, and its complement includes programs whose compilation
requires capabilities beyond those the compiler itself can express. O
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8.5 The Bootstrap Chain

The resolution is the bootstrap chain: an external system (the TypeScript compiler) provides the
initial compilation, after which the self-hosting compiler can maintain itself within its supported
fragment. Each link in the chain is a Kan extension from a smaller subcategory:

SoS1--S, T L

The chain converges to a fixed point Soo C L£—the maximal self-compilable fragment. The Yoneda
deficit A(Sx, £) is the irreducible “bootstrap residue” that always requires external assistance.

Remark 8.4. This parallels the situation in other domains: even C, the “lingua franca” of systems
programming, was originally compiled by hand from assembly language. Every language ultimately
bootstraps from something outside itself. This is the compiler-theoretic manifestation of the Yoneda
Constraint.

9 Instance 6: Type Theory — The Minimal Runtime Axiom

9.1 The Decision Transfer Hierarchy

The Minimal Runtime Axiom (MRA) formalizes the observation that no type system can eliminate
all runtime decisions. For a program P, define:

D(P) = the total set of decisions required to execute P
C(P) = the subset of decisions resolved at compile time
R(P) = D(P) \ C(P) = the runtime residual

The MRA states: R(P) # () for any sufficiently complex program P.

9.2 MRA as Yoneda Constraint

Theorem 9.1 (MRA is Yoneda Constraint). The Minimal Runtime Axiom is an instance of the
Yoneda Constraint with:

C = the category of all decisions D(P)
S = the subcategory of compile-time decisions C'(P)
A(S,T) = R(P) = the runtime residual

Proof. The type system performs static analysis, which is a functor @ggatic : D — 7T from the decision
category to the type category. The image of Pgatic is C'(P)—the compile-time knowable fragment.

For decisions involving w-data (external input, user behavior, network responses), no amount
of static analysis can determine the outcome. These w-dependent decisions are morphisms from
objects outside the type system’s category—they are the Yoneda deficit.

The restricted presheaf D(P)|c(py (what the type system knows about the full decision space)
does not determine D(P). The deficit R(P) = D(P) \ C(P) is non-empty precisely because w-data
introduces objects and morphisms that the static analysis cannot access. ]
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9.3 The Decision Transfer Hierarchy as Inclusion Functors

The MRA identifies a hierarchy of decision transfer:
Proof time < Compile time — Link time < Load time — Runtime

Each level is a subcategory of the next, with an inclusion functor. The Yoneda image grows at
each stage—more decisions become accessible—but the final Yoneda deficit (truly runtime decisions
depending on w-data) remains irreducible.

Proposition 9.2. The decision transfer hierarchy is a filtered diagram of inclusions:
Sproof —* Scompile = Slink  Sload “* Srun = C

The Yoneda deficit decreases monotonically:
Aproof = Acompile = Alink = Alpad = Apun = 0

Only at the final stage (actual runtime, when all w-data has been received) does the deficit vanish—but
this s trivially S = C, confirming Theorem 3.8.

10 Instance 7: AI — The Alignment Problem

10.1 The Agent-Environment Category

An AT agent A is embedded in an environment £. The agent maintains an internal world model:
W,y =Hom(A,E|4,—) : AP — Set

This is precisely the restricted Yoneda presheaf—the agent’s “view” of the environment through its
sensors and actuators.

10.2 Alignment as Presheaf Agreement

Definition 10.1. An agent A is aligned with a specification o if the agent’s behavior in £ satisfies
o for all reachable states. Formally, alignment requires:

VI €&, Vf € Hom(A,T) : o(f) = true

10.3 The Alignment Deficit

Theorem 10.2 (Alignment Problem as Yoneda Constraint). For any agent A C £, the agent cannot
verify its own alignment with respect to properties that depend on the Yoneda deficit A(A,€E).

Proof. Alignment verification requires the agent to check o(f) for all f € Hom(.A,T') and all relevant
T. But by the Yoneda Constraint, the agent’s world model W4 does not capture all of £. Properties
that depend on the behavior of T € £ \ A (objects the agent cannot model) are outside the agent’s
verification capacity.

More specifically, verifying alignment is a self-referential task: the agent must verify properties
of its own behavior within £. By Theorem 6.1 (the SRIP), self-referential verification is subject
to the diagonal obstruction. The agent cannot construct a complete model of its own behavior in
€ because this would require a surjective self-representation map p : A — QA, which the Yoneda
Constraint forbids. O
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10.4 Implications for AI Safety

Corollary 10.3 (Structural Limits of Alignment). (i) Perfect alignment is impossible for
any embedded agent: the Yoneda deficit guarantees unverifiable behaviors.

(ii) Alignment of the accessible fragment is achievable: the agent can verify o on E| 4, its
restricted presheaf.

(iii) External oversight is structurally mecessary: just as the bootstrap compiler needs
TypeScript, the Al agent needs an external verifier to check properties in A(A,E).

Remark 10.4. This does not counsel despair about Al alignment. Rather, it provides a precise
structural characterization of what alignment can and cannot achieve, and it identifies the irreducible
role of external oversight. The Yoneda Constraint tells us not that alignment is hopeless, but that
it requires a multi-level approach: internal alignment of the accessible fragment, plus external
verification of the deficit.

11 The Universal Structure

11.1 The Common Categorical Skeleton

All seven instances share the same categorical structure. We summarize:

Definition 11.1 (Yoneda Constraint Instance). A Yoneda Constraint instance is a tuple (C, S, i, T, A)
where:

(i) C is a locally small category (the “universe” or “total system”).
(ii) S is a proper full subcategory of C (the “subsystem”).

T € Ob(C) \ Ob(S) is a “target object” with non-trivial morphism structure from outside S.

)
)
(iii) 7 : S < C is the inclusion functor.
(iv)
)

(v) A(S,T) = coker(nr : y(T') — Lan,(y(T)|s)) is the Yoneda deficit, which is non-trivial.

Instance C S i T A

Physics Cpre CEmer dop Pre-geom. state Emergence kernel
Godel Arith. truths Provable stmts ~ Proof < Truth Q Godel sentence
SRIP CCC Self-repr. frag. Diagonal 04 Unreachable pred.
Epistemology Reality R Observer S Embedding State of R Epistemic remainder
Compiler Language £ Supported frag.  Compilation Full program Bootstrap residue
Type Theory  Decisions D Compile-time C'  Static analysis w-decision Runtime residual

Al Environment £ Agent A Sensors/actuators Env. state Alignment deficit

Table 2: The universal structure instantiated across all seven domains.
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11.2 Structural, Not Contingent

The Yoneda Constraint is not an artifact of insufficient technology, knowledge, or computational
power. It is a structural consequence of the subsystem—supersystem relationship itself.

Theorem 11.2 (Structural Necessity). For any Yoneda Constraint instance (C,S,i,T,A):
(i) The constraint cannot be overcome by enlarging S (short of S =C).

(ii) The constraint cannot be overcome by improving S’s internal structure (e.g., adding axioms,
upgrading sensors, expanding the compiler).

(iii) The only “escape” is S = C, which contradicts the definition of an embedded subsystem.

Proof. Part (i) follows from Theorem 3.8. Part (ii) follows because the constraint depends on S
being a proper subcategory, not on the internal structure of S. No matter how rich S’s internal
structure, it remains a subcategory, and the restricted Yoneda presheaf remains restricted. Part (iii)
is by definition. O

11.3 The Constraint as Functor

We can formalize the Yoneda Constraint itself as a functor from the category of embedded subsystems
to the category of “deficits”:

Definition 11.3. Let Emb be the category whose objects are proper embeddings (S < C) and
whose morphisms are commuting squares of functors. The Yoneda Constraint functor is:

A:Emb — Psh, (S ()~ A(S,C)
mapping each embedding to its associated deficit presheaf.

This functor is non-trivial on all of Emb—it sends no proper embedding to the zero presheaf.
The Yoneda Constraint is a universal property of the category of embeddings.

12 The Impossibility of Self-Knowledge

12.1 A Generalization of Godel

Godel’s incompleteness applies to formal systems containing arithmetic. The Yoneda Constraint
generalizes this to any system with the categorical structure of a proper embedding. This is strictly
more general.

Theorem 12.1 (Impossibility of Complete Self-Knowledge). For any system S with sufficient
internal structure (specifically, S admits a non-trivial self-representation in a CCC with a fized-
point-free endomorphism on a truth-value object), there exists information about S-in-context that S
cannot derive about itself.

Proof. Let S be embedded in context C' (the “universe” containing S). The self-representation of S
is a morphism p : A — Q4 in the ambient CCC. By the Yoneda Constraint (Theorem 3.7), p is not
surjective. The non-image elements of p are properties of S-in-C' that S cannot derive internally.
More precisely, S can characterize itself as an isolated object (via introspection), but it cannot
characterize how it is embedded in C—the Yoneda deficit includes the “view from outside” that S
structurally lacks. O
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12.2 The Diagonal Argument Generalized

Theorem 12.2 (Generalized Diagonal Theorem). The self-representation map p : S — S° (which
sends each “state” of S to the endomorphism it induces) cannot be surjective whenever S has a
fixed-point-free endomorphism.

This is the common root of:
e Cantor: N — 2 is not surjective (the diagonal real).

Russell: The “set of all sets not containing themselves” is not a set.

Turing: The halting function is not computable (the diagonal program).

Godel: The provability predicate misses the Godel sentence.

e Yoneda Constraint: The restricted presheaf misses the deficit.

All are the same obstruction, expressed in different categories. The Yoneda Constraint provides
the categorical home for this family of results.

12.3 Connections to Consciousness and the Hard Problem

We note briefly—without claiming to solve these problems—that the Yoneda Constraint bears on
discussions of consciousness and the “hard problem”:

1. A conscious system S embedded in the physical world C can characterize its own experience
only through its accessible fragment C|g.

2. The “explanatory gap” between neural correlates and subjective experience may be an instance
of the Yoneda deficit—the gap between the self-model and the reality of being embedded.

3. Free will, understood as the system’s inability to predict its own future states, is a direct
consequence of the impossibility of surjective self-representation.

We do not develop these connections further here, but note them as directions for future work.

13 Implications

13.1 For Physics

The measurement problem is not solvable from within spacetime. No experiment, however clever,
can probe the pre-geometric substrate directly, because the experimenter and the experiment are
objects in Crmer, N0t Cpre. This does not mean the substrate is unknowable—it means it is knowable
only indirectly, through the Kan extension of observable data.

The Yoneda Constraint provides a precise language for the “interpretation” question in quantum
mechanics: different interpretations correspond to different choices of Kan extension, each consistent
with the restricted presheaf but extending it differently to the full category.

18



13.2 For Mathematics

Incompleteness is a feature, not a bug. It is the Yoneda Constraint applied to formal systems. The
constraint tells us that the relationship between a formal system and the truths it aims to capture
is necessarily one of proper embedding, with an irreducible deficit.

Godel’s second incompleteness theorem gains new meaning: a system cannot verify its own
Yoneda embedding is faithful. This is not because the system is “weak” but because faithfulness of
the embedding is a statement about the embedding, which lives in the deficit.

13.3 For Language Design

Every programming language needs something outside itself to bootstrap. This is not a historical
accident but a structural necessity. The Yoneda Constraint tells language designers:

1. Accept the bootstrap: design the bootstrap chain deliberately, not accidentally.
2. Characterize the deficit: know explicitly which features require external compilation.

3. Minimize but don’t try to eliminate: the supported fragment can be large, but it cannot be
everything.

13.4 For Type Theory

Runtime will always exist. The MRA’s w-data constitutes an irreducible Yoneda deficit that no
type system—however sophisticated—can eliminate. Dependent types, linear types, and session
types can all reduce the deficit but cannot zero it out.

The practical implication: language designers should not pursue “zero-runtime” type systems as
an achievable goal, but rather should characterize and minimize the runtime residual.

13.5 For Al Safety

Perfect alignment is structurally impossible for embedded agents. The Yoneda deficit guarantees
that any agent’s world model misses aspects of its environment, and therefore the agent cannot
verify its alignment with respect to those aspects.

This has concrete policy implications:

1. External oversight is not optional: It is structurally necessary, not merely practically
useful.

2. Alignment auditing must be multi-level: Internal self-checks cover the accessible fragment;
external audits cover the deficit.

3. The “alignment tax” is real: Resources spent on external verification are not waste but
structural necessity.

4. Corrigibility is essential: Since the agent cannot verify its own alignment completely, it
must remain open to external correction.
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13.6 For Epistemology

The scientific enterprise is the systematic exploration of the accessible fragment Hom(S, R|g, —).
The Yoneda Constraint tells us:

1. Science is internally valid: the restricted presheaf faithfully represents the accessible fragment.
2. Science is externally incomplete: the accessible fragment is not all of reality.

3. Theoretical extrapolation is Kan extension: going beyond data is constructing the best
approximation of reality consistent with observations.

4. The gap between theory and reality is the Yoneda deficit: irreducible but characterizable.

14 Conclusion

We have shown that the Yoneda Constraint—the principle that any proper subsystem can characterize
its containing system only up to isomorphism of the accessible fragment—is a universal axiom for
embedded systems. It manifests identically across seven domains:

1. Physics: The measurement boundary problem (observers can’t probe the pre-geometric
substrate).

2. Logic: Godel incompleteness (formal systems can’t prove all truths about themselves).

3. Category theory: The SRIP (self-referential maps miss fixed-point-free endomorphisms).
4. Epistemology: The embedded observer constraint (observers can’t fully characterize reality).
5. Compiler theory: The bootstrap paradox (self-hosting compilers can’t compile everything).
6. Type theory: The minimal runtime axiom (type systems can’t eliminate all runtime decisions).

7. AI: The alignment problem (embedded agents can’t verify their own alignment).

The constraint is formalized as a Kan extension deficit, proved universal via Lawvere’s fixed-
point theorem, and demonstrated empirically through the JAPL compiler’s bootstrap chain. It is
structural, not contingent—it cannot be overcome by improving the subsystem, only by dissolving
the subsystem—supersystem distinction entirely.

The Yoneda Constraint is not merely a mathematical curiosity. It is a universal law of embedded
systems, as fundamental to informational-physical reality as conservation laws are to physics. Any
subsystem’s knowledge of its containing system is bounded by its representable presheaf. The deficit
between what can be known internally and what exists externally is not a failure of method but a
structural necessity.

An embedded observer knows its world through its relationships. The Yoneda lemma
guarantees these relationships determine the observer. They do not determine the world.
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A Kan Extensions: A Brief Review

For the reader’s convenience, we recall the definition and key properties of Kan extensions.

Definition A.1. Let F': § — D be a functor and ¢ : § — C an inclusion. The left Kan extension
of F along i is a functor Lan;F' : C — D together with a natural transformation n : F = (Lan;F) o
that is universal: for any G : C — D with « : F' = G o 1, there exists a unique & : Lan; F' = G with
aon=a.

When D = Set and colimits exist, the left Kan extension can be computed pointwise:
(Lan; F')(C) = colimg j(5)—c) F'(5)

where the colimit is taken over the comma category (i | C).

The unit n : F' — (Lan; F') oi is an isomorphism if and only if 7 is fully faithful. In our setting, i is
always fully faithful (it is an inclusion of a full subcategory), so 7 restricted to S is an isomorphism.
The Yoneda deficit measures the failure of 7 to be an isomorphism on all of C.

B Lawvere’s Fixed-Point Theorem: Full Proof

Theorem B.1 (Lawvere, 1969). In a CCCC, ife : A — QA is point-surjective, then everyt : 0 —
has a fized point.

Proof. Let t : Q — Q be arbitrary. Define g =t oevalo (idg,e) : A — Q. Since e is point-surjective,
there exists a : 1 — A with e(a) = g (the name of g). Then:

g(a) = t(eval((a, e(a)))) = t(eval((a, 9))) = t(g(a)).
So g(a) is a fixed point of ¢. O

Contrapositive: If 2 has a fixed-point-free endomorphism (e.g., = on {0, 1}, or the successor
on N), thennoe: A — 04 is point-surjective. This is the engine of all diagonal arguments and the
Yoneda Constraint.
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